The asymptotic expansion method is extended by using currently available accurate values for the first ten virial coefficients for hard sphere fluids. It is then used to yield an equation of state for hard sphere fluids, which accurately represents the currently accepted values for the first sixteen virial coefficients and compressibility factor data in both the stable and the metastable regions of the phase diagram.
Introduction
As is well known, the hard sphere (HS) fluid is defined by an interaction potential that considers only the repulsive forces among molecules. The simplicity of this model allows one to calculate its thermodynamic properties by obtaining analytical solutions for certain theories or by performing computer simulations. As the structure of real fluids is mainly determined by repulsive forces, the HS model is the simplest and most widely used model to describe the behaviour of fluids 1 . In particular, it plays an important role in perturbation theories 2 , in statistical associating fluid theories 3 , etc.
Moreover, it has served as the basis for the advance of science in the fields of general liquids, amorphous solids, liquid crystals, colloids, granular matter, etc. The higher virial coefficients must be calculated numerically [6] [7] [8] 16 B are listed in Table 2 .
As indicated above, there have been several dozens of equations for the hard-sphere fluid developed by different methods 1 ranging from statistical mechanics, such as the scaled particle theory 6 , the integral equation theory [11] [12] , and the exclusion factor theory 13 
where C i are coefficients to be determined. The first six were determined to reproduce the first six virial coefficients (they specifically recalculated the fifth and sixth virial coefficients), whereas the others were considered to be adjustable parameters. As was noted by those authors, some of these coefficients can be zero (the coefficients are given in Refs. 1 and 23). Two different expressions were proposed: one considering only the region ρ ≤ 0.98 (referred as KLM1) and the other for ρ ≤ 1.03 (referred as KLM2 
where Z L0 is defined as 
and was constructed by Liu by taking into account the values of the first twelve virial coefficients as published by Clisby and McCoy [9] [10] . In Eq. (6) the coefficients were obtained through a fitting procedure to computer simulation data over the entire density range.
Recently, Khanpour and Parsafar 24 have proposed the asymptotic expansion method as a simple way to generate various EOSs in a unifying way which is also valid for the two-dimensional system 25 
c are parameters determined by known first seven virial coefficients. The authors denote the proposed equation gives out satisfactory prediction to higher virials and is in good agreement with simulation data.
In this paper, we extend the asymptotic expansion method of Khanpour and Parsafar 24 to find new, accurate equations of state for hard spheres. In the following section, the asymptotic expansion method is explained and used to generate new EOSs. Then some constraints are considered in order to choose the most appropriate expression. In the Results section, the results obtained from the proposed EOSs are compared with the accurate data for the virial coefficients and compressibility factor.
Finally, the conclusions are summarized.
The New Equation of State
In accordance with the aforementioned asymptotic expansion method (AEM), we assume that the hard-sphere equation of state can be written as:
where a k are coefficients to be determined,
where 1 
With Eq. (9) defined, the following step is to consider some constraints in order to select the appropriate number of coefficients and convergence radius. These constraints are: (i) consistency between the calculated accurate virial coefficients and the computer simulation data for the compressibility factor; (ii) accuracy is preferred to simplicity; (iii) the radius of convergence must be b>0.64. Figure 1 shows the comparison for a selection of these virial EOSs.
One observes in the table that only when more than 5 virial coefficients are considered can the data in the stable region be reproduced with an AAD below 5%. In particular, as can be seen in Fig. 1 Table 1 that for Z 9 and Z 10 the AADs are practically the same regardless of whether only the stable region (AAD1) or the full range (AAD2) is considered. Finally, if only the metastable region is considered, the lowest AAD is 3.4% with 10 virial coefficients (the individual deviations being below 5%).
As can be seen in Fig. 1 (in which Z 10 is not plotted because it is practically the same curve as Z 9 at the scale of the graph) and Table 1, the virial equation to 9th order can be considered as adequate for the stable region and moderately adequate for the metastable region (the individual deviations being less than or equal to 7%). In the case of the Z 10 EOS, the individual deviations are below 5%. The more accurate are the virial coefficients used in Eq. (1), the more accurate the derived Z results.
The other way to check the consistency is that the computer simulation data should yield correct virial coefficients. Because the published computer simulation data for a single method does not reach the sufficient detail, we could not do this check in the present work.
(ii) Accuracy is preferred to simplicity. In Eq. (9) the number of variables In accordance with the above three constraints, we obtained 57 
where b 1 = 0.9262135992, and parameters a k are given in Table 2 .
The other options were rejected because negative virial coefficients for 15 
Results
From Fig. 1 and Table 1 , one observes that a virial equation with the first nine and ten accurate virial coefficients can describe the stable region and the low density metastable region well, but fails moderately in the very high metastable region. More accurate virial coefficients are required to study the order at which the virial equation can describe the whole region more accurately. As of now, one knows that the tenth order is insufficient.
In the present work, we propose Eq. (10) to adequately reproduce at least the first nine virial coefficients and the compressibility factor values over the whole range, and we are interested in knowing whether higher coefficients can be predicted and how accurately it reproduces the computer simulation data for the compressibility factor when compared with other commonly used or recently proposed EOSs. It is interesting to know whether some other more recent EOSs can reproduce the higher predicted virial coefficients better. In particular, the KLM1 and KLM2
EOSs cannot reproduce the seventh and higher virial coefficients inside the data uncertainty, with the exception of B 8 , B 9 , and the estimated B 14 when KLM1 is used.
In general, these EOSs give higher percent deviations than the simple CS equation for most of the coefficients higher than the tenth. In particular, we would note that the estimated value for B 16 from KLM1 is excessively low, whereas KLM2 value is quite high.
As can be seen in Table 3 , the Liu EOS can only reproduce exactly the second virial coefficient, deviates less than a 1.4% from the accurate values for the first nine coefficients, but gives clearly greater deviations for the rest of the coefficients.
The SH EOS is a simple expression, with a lower number of parameters, and constructed by using the first seven virial coefficients, but for higher ones the obtained percentage deviations are higher than the inaccuracies in the data. In particular, the relative errors of virial coefficients 10 16 B B are generally higher than the obtained with CM1 and CM2 EOS, which are analytically more complex.
Finally, our proposal, Eq. (10), is constructed by using the first nine virial coefficient, and then it is the one giving the lowest deviations for a largest number of coefficients. For virial coefficients higher than the ninth one, the obtained percentage deviations are lower than the uncertainties of the estimated Clisby and McCoy values [9] [10] .
In order to test the accuracy of Eq. (10) in reproducing the compressibility factor values given by accurate computer simulation data, we considered first the stable and metastable ranges separately, and then together.
For the stable range, we took as reference the data of Wu and Sadus 27 in the density range from 0.04 to 0.95, and for the metastable region the Kolafa et al. 23 data for densities from 0.95 to 1.03 together with the Kolafa 32 data from 1.02 to 1.09.
The results for the AADs between EOSs and computer simulation data in each range are given in Table 4 . When only the stable range is considered (AAD1), the highest deviation was for CS EOSs. All the others, including our new proposal, give very similar results.
When both stable and metastable regions are considered together (AAD2), the KLM1 and KLM2 give clearly the best results. Obviously, this is due to the fact that some of the coefficients in those EOSs (in particular, three coefficients for KLM1 and four for KLM2) were obtained from a fitting procedure to the same data considered here. The CM1 and CM2 EOSs contain 9 fixed coefficients, and in this range give practically the same result as our new Eq. (10) which also contains 9 coefficients, although our proposal gives better predictions for high virial coefficients.
When only the metastable region is considered (AAD3), the CM1 EOS gives the lowest AAD value, but only with a minor improvement over KLM1 and our new proposal.
A shortcoming of Eq. (10) 
Conclusions
In this paper, we have extended the asymptotic expansion method proposed by 
